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\ Abstract. In present article, we determine the distinguishing number of the merged 

Johnson graphs which are generalization of both the Kneser graphs and of the Johnson 
graphs. 
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1. Introduction 



The distinguishing number of a graph G? is the minimum number of colors for which 
there exists an assignment of colors to the vertices of G such that the identity is the only 
color-preserving automorphism of G. Generally, for a permutation group T acting on X, 
the distinguishing number of T is the minimum number of cells of a partition 7r of X 
satisfying that the identity is the only element of V fixing each cell of tt. Albertson and 
Collins first introduced distinguishing number of a graph [3] and there have been many 
interesting results on the distinguishing numbers of graphs and permutation groups in last 
few years [TH^MEM • 

Here we consider a class of graphs based on the Johnson graphs. For positive integers 
k,n such that 1 < k < |, the Johnson graph J(n,k) has vertices given by the fc-subsets 
of [n] = {1,2, ... ,n} and there exists an edge between two vertices if and only if their 
intersection has size k — 1. Given a nonempty subset / C {1, 2, . . . , k}, the merged Johnson 
graph J(n, k)i is the union of the distance i graphs J(n, k)i of J(n, k) for all i, namely, two 
fc-subsets are adjacent in J(n, k)i if and only if their intersection has k — i elements for 
some i £ /. The merged Johnson graphs J(n, k)i include many interesting graphs such as 
^ ! the Johnson graph J(n, k) = J(n, &){i} and the Kneser graph K(n, k) = J(n, k){ k y. 

In [1], M.O. Albertson and D.L. Boutin determined the distinguishing number of the 
Kneser graphs. The aim of the present article is to determine the distinguishing number of 
the merged Johnson graphs. 

The outline of this paper is as follows. In section [21 we review some preliminaries re- 
garding the distinguishing numbers and the merged Johnson graphs. In section [31 we find 
Theorem 13.21 which addresses the distinguishing numbers of the merged Johnson graphs. 
We also prove lemmas which are used for a proof of the main theorem. At last, we provide 
a proof of Theorem 13.21 in section HI 

2. Preliminaries 

For a given graph G, a coloring / : V{G) —> {1, 2, . . . , r} is said to be r- distinguishing if 
the identity is the only graph automorphism <fi satisfying f(<f)(v)) = f(v) for all v G V(G). 
This means that the distinguishing coloring is a symmetry-breaking coloring of G. The 
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distinguishing number, denoted by Dist(G), is the minimum r that G has an r-distinguishing 
coloring. One can easily see that Dist(G) = Dist(G c ) where G c is the complement of G. If 
G is an asymmetric graph, the identity is the only automorphism of G, then Dist(G) = 1. 
In fact, the converse is also true. 

For a graph G and for a subset 5* C V(G), a coloring / : S — > {1, 2, . . . , s} is said to 
be s- distinguishing if for any graph automorphism £ Aut(G) fixing 5* set-wisely and if 
/(0(f)) = f(v) for all v £ S then fixes all elements of S. In this case, does not need to 
fix other vertices outside of the given set S. If there exists an s-distinguishing coloring for 
S, the set 5* is called an s- distinguishable set. 

For a graph G, a subset 5* C V(G) is called a determining set if the identity is the 
only automorphism fixing every element of S. The determining number of G, denoted by 
Det(G), is the minimum number t that G has a determining set of the cardinality t. It 
is also true that Det(G) = Det(G c ). For example, for any n > 3, Det(C n ) = 2 because 
the set of two adjacent vertices is a determining set of C n and there is no determining set 
of C n of the cardinality 1. Note that if S C V(G) is a determining set, then any subset 
T C V(G) containing S is also a determining set. The determining sets provide a useful 
tool for finding the distinguishing number of G as stated in the following theorem. 

Theorem 2.1. ( [I]) For a given graph G, G has an r- distinguishable determining set if 
and only if G has a (r + 1)- distinguishing coloring. 

Consequently, we find the following corollary which will be used in the proof of our results. 

Corollary 2.2. For a given graph G, if there is a determining set S of G such that the 
induced subgraph of S is asymmetric then Dist(G) = 1 or 2. 

Proof. For a graph automorphism of G fixing S set-wisely, the restriction of on the 
induced subgraph (S) is a graph automorphism of (S). Since (S) is asymmetric, the coloring 
f(v) = 1 for all v £ S is a 1-distinguishing. Furthermore, since S is a determining set, G 
has 2-distinguishing coloring by Theorem 12.11 □ 

Using Theorem 12. 11 M.O. Albertson and D.L. Boutin determined the distinguishing num- 
ber of the Kneser graphs as follows. 

Proposition 2.3. ( pQ) For any integers n > k > 2 with n > 2k, Dist(fT(n, k)) = 2 except 
(n,k) = (5,2). 

Note that the Kneser graph K(5, 2) is isomorphic to the Pertersen graph and its distin- 
guishing number is 3. K(n, 1) is isomorphic to the complete graph and so Dist(K(n, 1)) = n 
for any integer n. 

For a graph G, the distinguishing number Dist(G) equal to the distinguishing number of 
Aut(G) which acts on the vertex set V(G). Hence we have the following lemma. The proof 
is straightforward and we omit it. 

Lemma 2.4. Let G\ and G2 be two graphs having the same vertex set V . 

(1) // Aut(Gi) is a subgroup of Aut((?2) as acting groups on V , then Dist(Gi) < 
Dist(G 2 ). 

(2) //Aut(Gi) = Aut(G2) as acting groups on V , then Dist(Gi) = Dist(G2). 
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3. The Distinguishing numbers of the merged Johnson graphs 

Let Q be the set of all /c-subsets of [n\. The action of S n on [n] naturally induces an 
action of S n on Q. Then the Johnson graph J(n, k) is an orbital graph which corresponds 
to the orbital {(M, N) G Q 2 | |MniV| = A;-l}, that is, the orbit of S n on Q 2 . The distance 
i graph J(n, k)i of J(n, k) is an orbital graph corresponding to the orbital 

Ti = {(M, N) G tt 2 | \M n N\ = k - i} 

(see [6] for orbital graphs). 

For a merged Johnson graph J = J(n, k)i, the complementation of each /c-sets M — > M c 
induces an isomorphism from J(n,k)j to J(n,n — k)j. So we may assume that k < n/2. 
For a merged Johnson graph J = J(n, k)i with 1 < k < ^, if / = or {1, 2, . . ., k} then J 
is the null or complete graph and so Aut(J) = Sa, where d = (^). Thus, we further assume 
that k > 2 and £ J £ {1, 2, . . ., fc}. For notational simplicity, let I' = I \ {k}, and for 
any integer t, let t — I = {t — % \ % G /} and t — / / = {t — z | i G /'}. We also denote 
1" = k-I', and let e = ±( n ™ 2 ). 

In [9], G. Jones found the automorphism groups of the merged Johnson graphs as follows. 

Theorem 3.1. ( [9]) Let J = J(n, k)i, where 2<k< \ and $1 I £ {1,2, ... ,k} and let 
A = Aut(J). 

(1) If 2 < k < and J ^ J(12,4) 7 with I = {1,3} or {2,4}, tfiera A = S n with 
orbitals T , Ti, . . . , Fk C Q 2 . 

(2) If J = J(12,4)/ with I = {1,3} or {2,4}, £/ien A = 0^(2) or&itofe r ,ri U 

r 3 ,r 2 ur 4 . 

(3) If k = x± y~ and I ^ k + 1 — I, then A = S n with orbitals F , Fi, . . . ,F^ C Q 2 . 

(4) If k = and I = k + 1 — I , then A = S n+ i with orbitals F and Fi U r^+i-j for 
alli = 1,2,..., L^J. 

(5) Ifk = \andli- {k} nor {1, 2, . . . , k- 1}, and V ^ I", then A = S 2 x S n with 
orbitals F , F±, . . . , Fk C Q 2 . 

(6) If k = f and I ^ {k} nor {1, 2, . . . , k - 1}, and V = I", then A = Sf : S n with 
orbitals Fq and Fi U F^-i for all i = 1,2, ... , |_§J and F^. 

(7) If k — ^ and I = {k} or {1,2, ... ,k — 1}, then A = S% : S e = S 2 I S e with orbitals 
F ,Fx U •• • U T fc _i and F k . 

To understand the automorphism group S n+ i of J(n, with / = + 1 — /, let 

[n] = [n] U {oo} and let \1/ be the set of equipartitions of [n], by which we mean the 
unordered partitions {P 1; P 2 } of [n] satisfying \Pi\ = \P 2 \ = There is a bijection 

(f) : — > ty, sending each M to {M U {cxd}, [n] — M}. Note that its inverse sends an 
equipartition {Pi,P 2 } to Pi \ {oo}, where i is chosen so that oo G Pj. The natural action 
of S n+ i on [n] induces an action of S n+ i on Q. By the condition I = k + 1 — I , one can see 
that this action induces an automorphism group of J{n, r ^)/ (For a detail information, see 
the paper [9]). The next theorem is the main theorem of this paper. 

Theorem 3.2. Let J = J(n, k) It where 1 < k < f and £ I £ {1, 2, . . . , 
(1) If k = 1 then Dist(J) = n. 



4 



DONGSEOK KIM, YOUNG SOO KWON, AND JAEUN LEE 



(2) // (n, k) ± (5, 2) and J ^ J(n, § ), with I = {§ }, {1, 2, . . . , § - 1} or I' = I", then 
Dist(J) =2. 

(3) If J — .7(5,2)/ wift 7 = {1} or {2}; or J = J(n, f )j satisfying V = I" and I is 
neither {§} nor {1, 2, . . . , § - 1} ; tfien Dist(J) = 3. 

(4) If J = Jin, |)/ wztfi 7 = {§ } or {1, 2, . . . , f - 1}, i/ien Dist(J) = [" ^pB ] . 

Corollary 3.3. Let G = J{n, k) be the Johnson graph. Then 

(1) ifk = l, then Dist(G) = n; 

(2) i/(n,£;) ^ (4,2) nor (5,2) , then Dist(G) = 2 and 

(3) ifG = 7(4,2) or 7(5,2), t/ien Dist(J) = 3. 

We will prove Theorem 13.21 in the next section. For the rest of the section, we will prove 
lemmas which will be used in the proof of Theorem 13.21 For a set X = {1, 2, 3, . . ., n} and 
for any permutation of X, can be represented by (ix, i 2 , • • •, in), where for any j = 1, 
2, . . ., n, 0(j) = ij. Throughout the rest of the paper, we use the above representation 
of permutations. For any permutation = i 2 , . . ., i n ) and for any k,£ G [n] with 
1 < < |, let be the fc-subset {it, ii+i, ■ ■ ., ii+k-i}, where the subscripts are considered 
as their residue classes modulo n. For our convenience, if is the identity, we denote Vf 
simply by Vg . For any i — 1, 2, . . . , n, let r» be the transposition of X exchanging z and i + 1. 

Lemma 3.4. 7ei J = J(12, 4)j witt 7 = {1,3}. For any permutation of X, if an 
automorphism \f of J fixes all vertices in S = {V?, V^ Tl , V^ T2 \ j = 1,2,..., 12}, then ^ 
also fixes V^ Tl for all i, j = 1, 2, . . . , 12. 

Proof. Without any loss of generality, we may assume that is the identity. Note that 
S = {V, | j = 1, 2, . . , 12} U {V 2 ri , V^} U {VP, V^}, where y 2 T1 = {1, 3, 4, 5}, Vft = {10, 
11, 12, 2} and V 3 T2 = {2, 4, 5, 6}, V£ = {11, 12, 1, 3}. 

Let \& be an automorphism of J fixing all vertices in S. Note that {Vp \ j = 1, 2, . . ., 
12} - S = {VP, VP) because r 3 = (1, 2, 4, 3, 5, 6, . . ., 12), where VP = {3, 5, 6, 7} and 
VP = {12, 1, 2, 4}. Let A and 7? be the sets of all vertices in S which are adjacent to Vp 
and Vp, respectively. Then we have 

A = {V 1 ,V 3 ,V 4 ,V 5 ,V 7 ,V 12 ,VP} and B = {Vi, V 3 , V 4 , V 9 , V n , V 12 }. 

Let V be a vertex whose all adjacent vertices in S is A. For the first case, assume that 
|VnVi| = 3. If VnVi = {1,2,3}, then 4, 5, 6 £ V and 7 G 7 because 1/ is adjacent to both 
V 3 and V4 but not to V 2 . In this case, V is adjacent to Vq, a contradiction. If y D Vi = {1, 
2, 4}, then 5, 6, 7 ^ V and 8 G V, and hence is adjacent to Vfj, a contradiction. Similarly, 
one can show that VflVi is neither {1, 3, 4} nor {2, 3, 4}. Therefore, we have |Vn Vi| = 1. 

By considering the fact that V is adjacent to Vi, V3, V4, V5, V7, V12 but not to V2, Vq, Vg, 
Vg, Vio, Vn, one can show that V = {1, 6, 9, 11}, {2, 5, 10, 11} or {3, 5, 6, 7}. Since V is 
not adjacent to Vp = {1, 3, 4, 5}, V is V 4 T3 = {3, 5, 6, 7}. This implies that \I> also fixes 

vp. 

Let V be a vertex whose all adjacent vertices in S is B. By considering the fact that V 
is adjacent to V\ , V 3 , V 4 , Vg, Vn, V 2 but not to V 2 , V 5 , V 6 , V 7 , Vg, Vo, one can show that 
V = {1, 6, 8, 10}, {2, 5, 8, 9} or {12, 1, 2, 4}. Since V is not adjacent to Vp = {1, 3, 4, 
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5}, V is V{£ = {12, 1, 2, 4}. This implies that * fixes V{ 2 3 . Up to now, we showed that ^ 
fixes Vp 3 for all j = 1,2,..., 12. 

Since \& fixes all elements in {V}, V^ T2 , Vp \ j = 1, 2, . . ., 12}, one can show that $ fixes 
VJ A for all j = 1, 2, . . ., 12 by a similar way. Continuing the similar process, one can show 
that fixes Vp for all i, j = 1, 2, . . ., 12. □ 

Lemma 3.5. Let J = J(12,4)j with I = {1,3}. For any permutation <j) of X , if an 
automorphism ^ of J fixes all vertices in S% = {Vj, Vj \ i,j — 1, 2, . . . , 12}, then \1/ also 
fixes Vj >TlTk for all i, j, k = 1, 2, . . . , 12. 

Proof. Without any loss of generality, assume that is the identity. Let \I/ be an automor- 
phism of J fixing all vertices in Si. Note that {Vp T2 \ j = 1, 2, . . ., 12} - Si = {Vp T2 , 
VP T2 } because nr 2 = (2, 3, 1, 4, 5, . . ., 12), where Vp T2 = {1, 4, 5, 6} and V{f 2 = {11, 12, 
2, 3}. Let C and D be the sets of all vertices in Si which are adjacent to Vp T2 and Vp T2 , 
respectively. Then we have 

{V 3 ,V A ,V 6 ,V 10 ,Vn,V 12 ,V 2 T \Vp} C C and {V 3 , V 8 , V n , V 12 , V 2 T \ VJ 2 } C D. 

Let V be a vertex whose all adjacent vertices in Si is C . By considering the fact that V 
is adjacent to V3, V4, Vq, Vio, Vn, V\ 2 but not to V\, V 2 , V5, V7, Vg, Vg, we have that V = {6, 
8, 9, 12}, {1, 4, 5, 6} or {2, 4, 9, 10}. Since 1/ is adjacent to both V 2 T1 = {1, 3, 4, 5} and 
Vp = {2, 4, 5, 6}, V is 1/ 3 riT2 = {1, 4, 5, 6}. This implies that also fixes I// 3 . 

Let V be a vertex whose all adjacent vertices in Si is B. By considering the fact that V 
is adjacent to V3, Vg, Vn, V\ 2 but not to V\, V 2 , V4, V 5 , V 6 , V 7 , Vg, Vi , one can show that 
V = {6, 7, 10, 12}, {2, 4, 7, 8} or {11, 12, 2, 3}. Since V is adjacent to both V 2 Tl = {1, 3, 
4, 5} and Vp = {2, 4, 5, 6}, V is V^ 17 " 2 = {11, 12, 2, 3}. This implies that ^ fixes V U 1T2 . 
Therefore # fixes V/ 17 " 2 for all j = 1, 2, . . ., 12. 

Since \1/ fixes all vertices in \yj ', Vj, Vp 2 \ j = 1, 2, . . ., 12} with <f> = T\, \& also fixes 
Vp n for all i, j = 1, 2, . . ., 12 by Lemma 13.41 By a similar way, one can show that \l/ fixes 
Vp Tk for all i, j, k = 1, 2, . . ., 12. □ 

Lemma 3.6. Let J = J(12,4) 7 mtt / = {1, 3}. Then S = {Vj, V/ 1 , V/ 2 | j = 1, 2, . . ., 

12} is a determining set. 

Proof. Let \1/ be an automorphism of J fixing all vertices in S = {Vj, Vp , Vp \ j = 
1,2, ...,12}. By Lemma [331 * fixes Vp for all i, j = 1, 2, . . ., 12. Furthermore, ^ 
fixes V^ TiTfe for all i, j, k = 1, 2, . . ., 12 by Lemma 13.51 By applying Lemma 13.51 again 
with cf) = Ti, one can show that \1/ fixes Vp TkTe for all i, j, k,£ = 1, 2, . . . , 12. Continuing 
the similar process, one can show that \1/ fixes yp lTl2 Tl * for any positive integer t and for 
all 1 < %\, i 2 , . . ., i t , j < 12. Since {tj | i = 1, 2, . . ., 12} generates symmetric group on 
X = {1, 2, 3, . . ., 12}, \l/ fixes all permutation of X, i.e., S is a determining set. □ 

Let J be a merged Johnson graph J(2m, m)j with 7 C {1, 2, m}. For any v £ V{G), 
let v be the vertex [2m] — u for our convenience. 

Lemma 3.7. Let J = J(n, k) J} where 1 < k < | and £ / g. {1, 2, . . ., k}. 

(1) For (n, k) = (2m + 1, m) with m > 3 and L = {1, m}, Si = {VI, V 2 , . . ., V m+2 } is a 
determining set. 
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(2) For (n, k) = (2m, to) with m > 3 and I = {I}, S 2 = {Vi, V 2 , . . V 2m } U {{1, 2, 
. . ., m — 2, m, m + 2}} is a determining set. 

Proof. (1) For any automorphism of J as a permutation on vertices of J, let 0' be a 
corresponding permutation of [n] U {oo}. Let be an automorphism of J fixing all elements 
in Si. Since fixes Vi, 0' fixes {1, 2, . . ., to, oo} set-wisely or 0' sends {1, 2, . . ., to, oo} to 
{m + 1, m + 2, . . ., 2m + 1} set-wisely. 

Case 1: 0' fixes {1, 2, . . . , m, oo} set-wisely. 

Since fixes V2 and 0' fixes {1, 2, ... , m, 00} set-wisely, 0' also fixes {2, 3, . . . , m + 1, 00} 
set- wisely. This implies that 0' fixes both 1 and to + 1. Using the fact that fixes all 
elements in S±, one can see that 0' fixes all elements in [2m + 1] = [2m + 1] U {00}, namely, 
is the identity element. 

Case 2: 0' sends {1, 2, ... , m, 00} to {m + 1, m + 2, . . . , 2m + 1} set-wisely. 

Since fixes U2 and 0' sends {1,2,..., m, 00} to {m + 1, m + 2, . . . , 2m + 1} set-wisely, 0' 
also sends {2, 3, . . . , m + 1, 00} to {m + 2, m + 3, . . . , 2m +1,1} set-wisely. By the similar 
way, one can show that for any i — 1, 2, . . . , m + 2, 0' sends {i, i + 1, . . . , to + i — 1, 00} to 
[ra] — {«, « + 1, . . . , m + « — 1} set- wisely. 

Let 0'(oo) = a. Then a is contained to {m + 1, m + 2, . . . , 2m + 1} and hence 0' can not 

send {a — m + 1, a — to + 2, . . . , a, 00} to [2m + 1] — {a — to+ 1, a — to + 2, . . . , a} set-wisely, 
which is a contradiction. 

Therefore Si = {Vi,V 2 , . . ■ , V m+2 } is a determining set. 

(2) Let a be the automorphism which sends v to v for all v G V(Gr). Then the order of 
a is 2 and Aut(J) = (a) x S n . Note that for any automorphism ip of J, -0 is either an 
automorphism induced by a permutation of [n] or a product of ct and an automorphism 
induced by a permutation of [n\. 

Let -0 be an automorphism of J fixing all elements in S 2 . Since ip fixes V\, i/j is an 
automorphism induced by a permutation of [n] fixing {1, 2, . . ., m} set-wisely or -0 is a 
product of a and an automorphism induced by a permutation of [n] sending {1, 2, . . ., m} 
to {m + 1, to + 2, . . ., 2m} set- wisely. 

If is an automorphism induced by a permutation ip' of [n] fixing {1, 2, . . ., m} set- wise, 
then -0' also fixes {i, i + 1, . . ., i + m — 1} set-wise for all i — 1, 2, . . ., 2m because -0 fixes 
for alH = 1, 2, . . ., 2m. This implies that -0 is the identity. Hence we can assume that -0 is 
a product of a and an automorphism induced by a permutation -0" of [n] sending {1, 2, . . ., 
m} to {m + 1, m + 2, . . ., 2m} set-wisely. Since -0 fixes V 2 , -0" also sends {2, 3, . . ., m + 1} 
to {m + 2, m + 3, . . ., 2m, 1} set-wisely. This implies that -0" exchanges 1 and m + 1. By 
a similar way, one can show that -0" exchanges i and m + i for any % — 1, 2, . . ., to. But 
in this case, -0 does not fix {1, 2, . . ., m — 2, m, m + 2}. Therefore, S2 is a determining 
set. □ 

Lemma 3.8. For m > A, let J = J(2m, m)/ with I — {1, to — 1}. T/ien, Dist(J) > 2. 

Proof. For any t> G V(J), let be the automorphism of V(J) exchanging v and v and 
fixing all other vertices. Let / : V(J) — > {1,2} be a coloring. If there exists u G V(J) 
such that f(u) = f(u) then (3 U is a color-preserving automorphism, and hence / is not 
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2-distinguishing. Assume that for all v G V(J), f(v) and f{y) are distinct. Let be an 
automorphism of J induced by a non-identity permutation of [2m]. Let 

n m^- 

\{u,u}, /(u)?4/(*(ti)) / 

Then ^ is a color-preserving automorphism. Therefore, there is no 2-distinguishing coloring, 
and hence Dist(J) > 2. □ 

For n = 2m with m > 4, let $ be the set of equipartitions of [n\. Note that the size of <3> is 
| (™) . The natural action of S n on [n] induces an action of ^ on $. Let a be a permutation 
satisfying that for all non-identity permutation ft G S n , the number of equipartitions fixed 
by a in $ is greater than or equal to the number of equipartitions fixed by ft in <£>. Suppose 
that there exist a permutation 7 G S n and ii, i 2 , . . . , i t G [n] with t > 3 such that 7(2,-) = ij+i 
for all j = 1, 2, . . ., t — 1 and 7(2*) = i\. Let 7 G S n be a permutation that 7(22) = «i, 
7(it) = is and 7(f) = 7(f) for all £ G [n] \ {22, 2't}. Then, all equipartitions in $ fixed by 
7 are also fixed by 7. This implies that a is a product of disjoint transpositions. For two 
permutations 71, 72 G S n , suppose that there exist i±, i 2 , ■ ■ ., i® G [ra] such that 

71(21) = i2, 71(22) = ii, 71(23) = 24, 71(24) = 23, 71(25) = 25, 71 (ie) = 2 6 , 
72(21) = 2 2 , 72(22) = 21, 7 2 (i 3 ) = 23, 72(24) = 24, 72(25) = 25, 7i(*e) = 2 6 , 

and for all j G [n] \ {ii, i 2 , . . ., i®}, 7i(j) = 72(j)- Then, one can check that all equipartitions 
fixed by 71 are also fixed by 72. This implies that a is a transposition or a product of m 
disjoint transpositions. Note that the number of equipartitions fixed by a transposition is 
an d the number of equipartitions fixed by a product of m disjoint transpositions 
is m 2 m~i if m is odd . 2 m-i + ( m ™ 2 ) if m is even. Since for m > 4, ( 2 ™_" 2 ) > 2" 1 - 1 + (™), 
a is a transposition. Therefore for any non-identity permutation (3 G S n , the number of 
equipartitions fixed by (5 is at most ( 2 ™J 2 2 ) • 

Lemma 3.9. For n = 2m with m > 4, let $ be the set of equipartitions of [n\. Then there 
is a 3-coloring c : $ — > {B,R,Y} of $ such that only identity permutation in S n preserves 
all colors under the induced action of S n on $. 

Proof. Give a random coloring on $ with three colors {B,R,Y}. For any non-identity 
permutation /3 of [2m], let Ap be the event that ft preserves colors of all equipartitions of 
[2m]. Note that the number of equipartitions fixed by ft is at most ( 2 ™_T 2 2 )' Namely, the 
number of equipartitions which are not fixed by ft is at least 



2m - 2\ _ 1 /2m\ /2m - 2\ m /2m - 2 
m — 2 J 2\m J \m — 2 J m — l\m — 2 



For any orbit O of ft whose size is t with t > 2 under the action of S2 m on the probability 
that ft preserves colors of all equipartitions in O is 3~' +1 , which is less than 3~2. Hence, we 
have 

m (2m-2\ 

Pr(Ap) < 3 5ps=ijU-2;. 
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Therefore, 

UX V m (2m — 2\ m (2m — 2\ 

As)) < 2^ Pr(A p ) < ((2m)! - l)3~^^)U- 2 J < (2m)!3"^ T )^- 2 ^, 

I3es n \{id} pes n \{id} 

m (2m~2\ 4480 

where id is the identity permutation of [nj. For n = 8, the number n\3 zi™- 1 ) \ m-2) j s — 
and it is less than 1. Furthermore, for any m > 4, 

(2m + 2)!3"~U-J _ (2m + 2)(2m + 1) (2m + 2)(2m + l) 

m (2m-2\ 3m-2 /2m-2\ ^ 3/2m-2\ < ~ 

(2T7i)'3 2(m-l) I m-2 J ^(m-l) I m-2 J 3 2 \ m ~ 2 / 

because 

3 /2m-2\ 3(2m-2)(2m-3)-(m+l) (m-1) (2m-3) (2m-5) (2m-6) ■■ ■ (m + 1) 

35 V m-2 J = 3 2-(m-2)! — 3 (m-3)(m-4)---5-4 

> 3 (m-l)(2m-3)(2m-5) > ^ m + + ^ 

for any m > 4. This implies that for any m > 4, 

Pr( |J 40) <1 

/?es„\{id} 

and hence there exists a 3-coloring c : $ — >■ {S, i?, Y} of $ such that the identity permu- 
tation in S2m is the only color-preserving permutation under the induced action of S2> m on 
$. □ 

4. A Proof of the main theorem 

In this section, we prove Theorem 13.21 which is the main result in this paper. For a graph 
G and for a v G V(G), let iV(t>) be the set of all vertices adjacent to v. For any positive 
integer i, let Di be the set of all vertices whose degrees are i. 

Let J = J(n, k)i, where 1 < k < § and £ / £ {1, 2, . . . , fc}. If fc = 1 then the graph J 
is a complete graph K n , and hence its distinguishing number is n. Assume that k > 1. 

Case 1: (n, fc) ^ (5, 2) and 2 < k < and J ^ J(12, 4)j with / = {1, 3} or {2, 4}. 

In this case, Aut(J) = Aut(K(n, k)) as an acting group on the vertex set, and hence 
Dist(J) = Bist(K(n, k)) = 2 by Proposition O and Lemma [231 

Case 2: J = J(12, 4)/ with / = {1, 3} or {2, 4}. 

Assume that J = J(12, 4)/ with / = {1, 3}. Let Si = {Vj, VJ\ Vp \ j = 1, 2, . . ., 12} U 
{X± = {1, 3, 5, 7}} and let Hi be a subgraph of J induced by Si as illustrated in Figure [U 
Then Si is a determining set by Lemma \3. 61 Let fa be an automorphism of Hi. Note that 
the order of Hi is 17 and 

£ 5 = {V 4 ,V 5 ,V 8 ,V 9 }, D 6 = {Vi, V 6 ,V 7 ,Vi 2 , V£,Xi} 
D 7 = {V 3 , V 2 T \V^}, D s = {V 2 , V w , V 3 T2 }, D 9 = {Vn} 

Since D 9 = {V n }, fa(Vn) = V n . The fact N(V n ) H £> 5 = {V 8 } implies that fa(V s ) = V 8 . 
Since N{V 8 ) n D 5 = {V 5 , V 9 }, fa fixes V A . By the fact that N{V 4 ) n A(V 8 ) nD 5 = {K 5 }, 
V>i fixes both V 5 and K,. Note that N(V 8 ) n iV(Vn) = {K^ 2 }. So Vi fixes V£ 2 . The fact 
N(V 4 ) n A(V 8 ) nD 6 = {V 7 } and iV(K 5 ) n A(V 9 ) n D 6 = {V 6 } implies that fa fixes both Vg 
and Vj. Furthermore, fa fixes Xi = {1, 3, 5, 7} because N{Vq) fl A^(Vy) = {Xl}. Since 
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N(V r ) n N(V n ) n D 7 = {V$} and A^(y 7 ) n N(V n ) D D 8 = {V w }, fa also fixes both V 10 
and V£. Note that JV(V 4 ) n N(V 6 ) n D 7 = {V 3 } and JV(V 4 ) nN{V 6 ) nD 8 = {V^}. This 
implies that fa(V 3 ) = ^3 and t/>i(U 3 T2 ) = V^. By the fact N(V 5 ) n iV(Vn) = {^ 2 T1 } and 
iV(Vg) n N(Vg) nD 6 = {V 12 }, fa fixes both K, T1 and F 12 . Up to now, we know that fa 
fixes all vertices in V(H) except V\ and V<i. Since the degree of V\ is 6 and that of V<i is 
8, also fixes both V\ and V^. Therefore, fa is the identity, which implies that H is an 
asymmetric graph. By Corollary 12.21 we have Dist(J) = 2. 

For any J x = J(12,4)/ with I = {2,4}, Aut(Ji) = Aut(J). Therefore, Dist(Ji) = 
Dist(J) = 2. 

Case 3: J = J(5, 2)j with I = {1} or {2}. 

Since J(5,2){ 2 } is the Kneser graph K(5,2) and J(5,2){i} is its complement, we have 
Dist(J) = 3 by Proposition 12.31 



Case 4: k = ^ and I ^ k + 1 — I. 
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Figure 2. . 

If n = 5 then / = {1} or {2}, which means that I = k + 1 — I . Hence we have n > 7. 
In this case, since Aut(J) = Aut(K(n, ^rr)) as an acting group on the vertex set, one can 
find that Dist(J) = Dist(K(n, k)) = 2 by Proposition O and Lemma El 

Case 5: k = 2=1 and / = k + 1 - I. 

Let J = J{2m + l,m){i jTO } with m > 3. Let 

S 2 = {V 1 ,V 2 ,...,V m+2 }U{X 27 Y 2 }, 

where X 2 = {1,2, . . ., m — 2, m, m + 2} and Y 2 = {2, 3, . . ., m — 1, m + 1, m+ 3}; and let 
if 2 be a subgraph of J induced by S 2 as depicted in Figure [2j Then, S2 is a determining 
set of J by Lemma [3.7( 1). Let ^2 be an automorphism of J. Note that 

D x = {X 2 , F 2 }, D 2 = {y 3 , ^4, • • • , V m }, D 3 = {V m+1 , V m+2 ], D 4 = {V u V 2 }. 

Since V\ is the only vertex adjacent to all vertices in D%, ip 2 (Vi) = V\. This implies that 
ip 2 fixes V 2 ,X 2 and Y 2 because D4 = {Vi, V 2 }; and X 2 and Y 2 are only adjacent to V\ and 
V 2 , respectively. By the fact that V m+2 is the only vertex adjacent to all vertices in _D 4 , 
^2(^71+2) = Vm+2- This implies that ip 2 also fixes V m+ i because D 3 = {V m+ i, V m+2 }. Since 
N(V 2 ) fl D 2 = {V3}, ^2(^3) — V3. By a similar way, one can show that ip 2 fixes all vertices 
in H 2 , and hence if) 2 is the identity. This means that H 2 is asymmetric. By Corollary 12.21 
we have Dist(J) = 2. 

For any J 2 = J{2m + l,m)j satisfying I = k + 1 — I , Aut(J 2 ) = Aut(J). Therefore 
Dist(J 2 ) = Dist(J) = 2. 

Case 6: k = 2 and I is neither {k} nor {1, 2, . . . , k — 1}, and I' ^ I" . 
Let J = J(2m, m){i} with m > 3. Let 

53 = {^,^,...,^ 2m }U{X3,r 3 ,^3}, 

where X 3 = {1, 2, . . ., m — 2, m, m + 2}, Y3 = {2, 3, . . ., m — 1, m+ 1, m + 3} and Z 3 = {4, 
5, . . ., m + 1, m + 3, m + 5}; and let H 3 be a subgraph of J induced by S3 as shown in 
Figure [3j Then, S3 is a determining set of J by Lemma [3T7T 2) . Let ?/> 3 be an automorphism 
of J. Note that 

D 1 = {X 3 , F 3 , Z 3 }, D 3 = {V u V 2 , V,} and D 2 = V(H 3 ) - {D 1 U D 3 ). 

By a similar way with Cases 2 and 5, one can show that ip 3 fixes all vertices in if 3 , and hence 
ip3 is the identity. So H 3 is an asymmetric graph. By Corollary 12.21 we have Dist(J) = 2. 
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Figure 3. . 

For any J 3 = J(2m, m)j satisfying / ^ {k} nor {1, 2, . . . , k — 1}, and I' 7^ I", Aut( J3) = 
Aut(J). Therefore, we find Dist(J 3 ) = Dist(J) = 2. 

Case 7: k = f , I' = I" and I is neither {k} nor {1, 2, . . ., k — 1}. 

Note that for n < 6, this case can not occur. Hence assume that n > 8. Let J = 
J(2m, J7i){i )m _u with m > 4. By Lemma f3.8[ we have Dist(J) > 3. Let / : V(J) — > {1, 2, 
3} be a random coloring satisfying that for any u G V(J), f(u) and /(«) are distinct. Note 
that for any u G V(J), 

Pr({f(u), /(«)} = {1, 2}) = Fr({/(«), /(«)} = {1, 3}) = Pr({f(u), /(«)} = {2, 3}) = ± 

Let $ be the set of equipartitions of [n]. Using a random coloring / : V(J) — > {1, 2, 3}, 
we can define the coloring /:$—>• {5, i?, Y"} as follows: for any {u, u} G $, f({u, u}) = B 
if {f(u), f(u)} = {1,2}; /({w, u}) = R if {/(u), /(«)} = {1, 3}; and /({«, w}) = K if 
= {2, 3}. Then we can consider / as a random 3-coloring of $. By Lemma I3~9l 
there is a random 3-coloring / : V(J) — > {1, 2, 3} such that only identity permutation in S n 
preserves all colors of equipartitions in its corresponding random 3-coloring /:$—>■ {B, R, 
Y} under the induced action of S n on $. This implies that there exists a 3-distinguishing 
coloring / : V(J) — > {1, 2, 3}. Therefore, Dist(J) < 3, and hence Dist(J) = 3. 

For any J4 = J(2m,m)i satisfying I' = I" and I is neither {k} nor {1, 2, . . ., k — 1}, 
Aut(J 4 ) = Aut(J). Therefore, Dist(J 4 ) = Dist(J) = 3. 

Case 8: k = f and I = {k} or {1, 2, . . . , k - 1}. 

/2m\ 

Let J = J(2m,m){ m }. Then J is composed of ^-j^ components which are isomorphic 
to i^2- Note that a coloring / : V(J) — > {1, 2, . . ., r} is an r-distinguishing if and only if 
for any vertex u G V(J),x f(u) and f(u) are distinct and for any two vertex v, w G V(J) 
contained to different components, {/(f), /(f)} 7^ {/( w ) ; Z(^)}- Hence Dist(J) is the 

smallest integer r such that Q > ^f 1 . Therefore, Dist(J) = [ v 2 KmJ ]. 

For any J5 = J(2m,m)j with I — {1, 2, . . ., m — 1}, J5 is the complement of J. Hence, 

Dist(J 5 ) = Dist(J) = [^£35] . 
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